We consider the Dirac operator D of a Lorentzian spin manifold of even dimension n 4. We prove, that the square D 2 of the Dirac operator on plane wave manifolds and the shifted operator D 2 ? K on Lorentzian space forms of constant sectional curvature K are of Huygens type. Furthermore, we study the Huygens property for coupled Dirac operators on 4-dimensional Lorentzian spin manifolds.
Introduction
It is a familiar phenomenon that waves propagate quite di erent in 2 and 3 dimensions.
When a pebble falls into water at a certain point x 0 , circular waves around x 0 are formed. A given point near x 0 will be hit by an initial ripple and later by residual waves. 3-dimensionally, the situation is quite di erent. If we produce a sound localized at the neighbourhood of a point x 0 then someone near x 0 will hear the sound during a certain time interval but no longer. There are no residual waves like those present on the water surface. The mathematical reason for this di erent behaviour is a special property of the fundamental solution of the wave operator 2 m of the R m in dimension m = 3. Whereas in general the forward fundamental solution of 2 m with respect to the point o 2 R m+1 is supported in the future cone J + (o) = f(x; t) 2 R m R j jjxjj tg the forward fundamental solution in dimension m = 3 and each other odd dimension m 3 is supported even in the light cone C + (o) = f(x; t) 2 R m R j jjxjj = tg . This produces a "sharp" wave propagation. Operators describing a "sharp" wave propagation such as 2 3 are called operators of Huygens type or shortly Huygens operators. In 1923, in his Yale Lectures, J. Hadamard posed the problem of nding all normally hyperbolic operators of Huygens type (see Had23] , p.236). In spite of its age this problem is still far from being completely solved. For results of the last thirty years and methods developed to treat this problem see G un88, G un91, W un94, BV94, BK96] . In this paper we consider the Huygens property for the square of the Dirac operator of a Lorentzian spin manifold. Dirac operators on 4-dimensional analytic Lorentzian spin manifolds were studied by V.W unsch. He proved the following result:
Theorem 1 ( W un78 According to this Theorem there are exactly 3 classes of 4-dimensional analytic Lorentzian spin manifolds on which D 2 (or a shift of it) is of Huygens type: the Lorentzian space forms, the plane wave manifolds and the conformally at manifolds of vanishing scalar curvature.
In this paper we consider Lorentzian spin manifolds (M n ; g) of even dimension n 4.
Let us denote by D the Dirac operator of (M n ; g). We prove, that the operator D 2 ?K is of Huygens type if (M n ; g) has constant sectional curvature K (Theorem 7) and that D 2 is of Huygens type if (M n ; g) is a plane wave manifold (Theorem 10). It would be interesting to know wether D 2 on conformally at manifolds with vanishing scalar curvature in even dimension n 6 is of Huygens type too and to nd new classes of Lorentzian spin manifolds of even dimension n 6 on which D 2 (or a shift of it) is of Huygens type. Finally we consider the square of twisted Dirac operators on 4-dimensional manifolds. We prove that the Huygens property of these operators implies that the coupling connection is at and that the manifold belongs to one of the 3 above mentioned classes of Lorentzian manifolds (Theorem 11). In Chapter 2 we recall the de nition of Huygens operators and describe conditions for normally hyperbolic operators to be of Huygens type. In Chapter 3 we discuss the Dirac operator on Lorentzian space forms and in Chapter 4 the Dirac operator on plane wave manifolds. Chapter 5 deals with coupled Dirac operators on 4-dimensional manifolds.
Huygens operators
We rst recall the de nition of normally hyperbolic operators and the properties of their fundamental solutions.
De nition 1 Let M n be a smooth n-dimensional manifold, (E; p; M) a real or complex vector bundle over M. A di erential operator P : ?(E) ?! ?(E) of second order on E is called normally hyperbolic if there exists a Lorentzian metric such that the principal symbol (P) of P is given by (P) x ( ) = ?g x ( ; )Id Ex , where x 2 M and 2 TM n0.
Remark: In local coordinates on M and a local trivialization of E a normally hyperbolic operator can be expressed in the form
where ? g ij is the inverse matrix of the coe cients of the Lorentzian metric.
Let (M n ; g) be an n-dimensional oriented Lorentzian manifold and let us denote by P the SO(n; 1)-principal bundle of all positive oriented orthonormal frames. A spinor structure of (M n ; g) is a reduction (Q; f) of P with respect to the double covering of the special orthogonal group SO(n; 1) by the spin group Spin(n; 1). A Lorentzian spin manifold is an oriented Lorentzian manifold with a xed spinor structure (Q; f). Let us denote by n;1 the spinor representation of Spin(n; 1). The complex vector bundle S := Q Spin(n;1) n;1 associated to the principal bundle Q is called spinor bundle of the spin manifold (M n ; g). we will now recall the de nition of the Hadamard coe cients of a normally hyperbolic operator.
Let r be a covariant derivative on a vector bundle E over a Lorentzian manifold (M; g). Let us denote by r T M E the covariant derivative de ned by the Levi-Civita connection of (M; g) and r. The operator 4 r := ?trace g (r T M E r) is called Bochner-Laplace operator de ned by r. Proposition 2 Let P : ?(E) ?! ?(E) be a normally hyperbolic operator on E and let g be the Lorentzian metric given by the principal symbol of P. Then there exists a uniquely determined covariant derivative r P : ?(E) ?! ?(T M E) and a homomorphism H P 2 ?(Hom(E; E)) such that P := 4 r P + H P :
(1)
(1) is called Weitzenb ock formula for P.
For two vector bundles E and F over M n we denote by E F the external tensor product of these bundles over M M:
E F := pr 1 E pr 2 F :
We often identify the bre of E E over a point (x; y) 2 M M with the set of Another method to nd Huygens operators is founded on the conformal gauge invariance of the Huygens property. Let M n be a manifold of even dimension n 4 and let E be a vector bundle over M n . To each normally hyperbolic operator P : ?(E) ?! ?(E) is assigned a sequence I k (P) 2 ?(S k (T M) Hom(E; E)) , k = 0; 1; 2; ::: , of symmetric trace free conformal gauge invariants of weight ! = 1 ? n 2 , the so-called moments of P of order k (see G un88], chap.6). If P is a Huygens operator, then all moments I k (P); k = 0; 1; 2; ::: , vanish. Moreover, if M and P are analytic the vanishing of all moments imply the Huygens property for P. In dimension n = 4 there are explicit formulas which express the moments of order 4 in terms of the curvature of the manifold (M 4 ; g) and the curvature of the covariant derivative r P associated to P by its Weitzenb ock formula (see G un88], chap.7, Table II 
The curvature F S of the spinor derivative r S is given by This can be used to prove Theorem 6 Let (M n ; g) be a Lorentzian spin manifold of constant sectional curvature K and even dimension n 4 and denote by D the Dirac operator of (M n ; g). Let Now, we are able to prove the above mentioned result:
Theorem 7 Let (M n ; g) be a Lorentzian spin manifold of constant sectional curvature K and even dimension n 4 and let us denote by D the Dirac operator of (M n ; g). De nition 7 A Lorentzian manifold (M n ; g) is called a plane wave manifold if the following conditions are satis ed:
1. There exists an isotropic parallel vector eld T on M. 
Some geometry of standard plane wave manifolds
In this section we consider the following "standard" plane wave manifold (M; g): Let M := I R n?1 be the product of an open interval I with the R n?1 and g be the Lorentzian metric g = 2 dx 1 dx 2 + de xA(x 1 )de x t where x = (x 1 ; :::; x n ) 2 M; e x = (x 3 ; :::; x n ) and A(x 1 ) denotes a positive de nite (n ? 2) (n ? 2)-matrix, depending smoothly on x 1 . Then T := @ @x 2 is the isotropic, parallel vector eld occuring in the de nition of a plane wave manifold. We will explain some geometric properties of standard plane wave manifolds which we need to calculate the Hadamard coe cients of the square of the Dirac operator.
With small letters i; j; k; l; ::: we will denote indices running from 1,...,n. With capital letters I; J; K; L; ::: we will denote indices running from 3,...,n. (@ 1 ; :::; @ n ) is the canonical basis with respect to the coordinates (x 1 ; :::; x n ).
We will use the following denotations:
De nition 8 Let A be the matrix occuring in the de nition of the metric g. Then Inserting (13), (14), (15) a(t) = (a 3 (t); :::; a n (t)). Since @ 2 = T is the isotropic parallel vector eld on the standard plane wave manifold, (18) holds. Now, let X(t) = a Lj (t)@ j ( (t)) be the parallel displacement of @ L (y). Then the initial condition yields a L1 (t) = 0. Therefore This is solved by a LK (t) := P LK ( 1 (t)). For a L2 (t) it follows a 0 L2 (t) = ?hb; e a 0 L (t)i and the initial condition gives a L2 (t) = b L ? hb; e a L (t)i. This proves (19). Now, let X(t) = a 1j (t)@ j ( (t)) be the parallel displacement of @ 1 (y). Then a 11 (t) = 1. In this section (M; g) denotes a standard plane wave manifold as it was de ned in Chapter 4.1. Since M is parallelizable, (M; g) is an oriented Lorentzian manifold with a unique (trivial) spinor structure Q. By S we denote the associated spinor bundle S = Q Spin(n;1) n;1 .
Let y be a xed point in M. We choose a (n ? 2) (n ? 2)? matrix C such that CA(y 1 )C t = E. Then 
where ! ij = g(rs i ; s j ) are the connection forms of the Levi-Civita connection with respect to the basis (s 1 ; :::; s n ). 
Inserting (28) and (29) 
Now, a direct calculation using Lemma 1 and (24), (25) For the calculations we identify the complexi ed Cli ord algebra Cli C 4;1 of the Minkowski space with the algebra of complex 4 4 -matrices using the map given by ?"i ; " = 1, and u(" 1 ; " 2 ) := u(" 1 ) u(" 2 ). Let us denote bys a lift of the local orthonormal frame s = (s 1 ; :::; s 4 ) into the spinor structure and (" 1 ; " 2 ) := s; u(" 1 ; " 2 )] the corresponding local sections in the spinor bundle S. 
